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Quantum mechanics for multiple systems

Consider two systems. If system 1’s possible states are represented by the Hilbert space H1 and
system 2’s possible states are represented by the Hilbert space H2 , then quantum mechanics
dictates that the possible states of the joint system, system 1 + system 2, are represented by
the Hilbert space H1 ⊗ H2 , the tensor product of H1 and H2 .
If |φi1 is a possible state-vector for system 1 and |χi2 is a possible state-vector for system
2 (we now label the states according to the system, for clarity), then the state-vector
|φi1 ⊗ |χi2

(1)

represents a possible state-vector for the joint system; i.e. this state lies in H1 ⊗ H2 . (Note
therefore the ambiguity in the symbol ‘⊗’: if flanked by Hilbert spaces, then it yields the
tensor product of those Hilbert spaces; if flanked by vectors belonging to two Hilbert spaces,
it yields a vector that lies in the tensor product of those Hilbert spaces.) Sometimes (as in
e.g. Albert 1992), the symbol ‘⊗’ is dropped when writing down joint states.
According to the standard prescription for representing single-system quantities as jointsystem quantities (and the Born rule), the joint state (1) gives the same statistics for any
system-1-quantity as |φi1 and the same statistics for any system-2-quantity as |χi2 .
The joint Hilbert space H1 ⊗ H2 is not exhausted by state-vectors of the form (1)—which
are called product states. In general, they may be of the form
dim(H1 ) dim(H2 )

where

P

i,j

X

X

i=1

j=1

cij |φi i1 ⊗ |χj i2

(2)

|cij |2 = 1 (i.e. the joint state is normalized).

Notice that, because of states of the form (2), the tensor product of two Hilbert spaces is
much richer than their Cartesian product. (Compare: in classical mechanics, the state space
of a joint system is given by the Cartesian product of its constituents’ state spaces.) States
of the form (2) that can’t also be represented in the form (1) represent entanglement between
the two systems, which we’ll talk more about in later lectures.
In terms of wave-functions, we may write the joint state (2) as
dim(H1 ) dim(H2 )

ψ(x1 , x2 ) =

X

X

i=1

j=1

cij φi (x1 )χj (x2 )

(3)

where x1 represents the position of system 1 and x2 represents the position of system 2. Note
that now we cannot think of ψ(x1 , x2 ) as representing anything as simple as a wave in physical
space.
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The measurement problem and Schrödinger’s cat

Recall that the two central principles in QM that connect the formalism to the physical
world—namely, the projection postulate and the Born rule—make ineliminable reference to
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“measurements”. One (minimal) problem to file under “the measurement problem” is to
provide a satisfactory account of what a measurement is.
Another, more involved, problem makes the first one all the more urgent. It is that a
contradiction seems to follow if we attempt to treat a measurement apparatus, or a measuring
agent, as a quantum system. Schrödinger made this vivid (and bloodthirsty) with his example
of a cat locked in a booby-trapped box. The booby-trap consists of a sample of radioactive
material (known after a certain time to have a 50% chance of decaying) and a detector that,
if it fires, causes a vial of poison gas to break, killing the cat.
Let us treat the detector, like the radioactive sample, as a quantum system. Then, according to quantum mechanics, the initial joint state of the sample and the detector is
|intactis ⊗ |readyid .

(4)

We know that, after a certain time, the state of the sample, considered in isolation, evolves to
|intactis

1
√ (|intactis + |decayedis )
2

7→

(5)

Note that the amplitudes give the right probabilities, given the Born rule. We also know that
the detector, if it is a good one, ought to evolve according to the rule
|intactis ⊗ |readyid
|decayedis ⊗ |readyid

7→
7
→

|intactis ⊗ |readyid
|decayedis ⊗ |clickid

(6)
(7)

But we also know that the Schrödinger equation, which governs all this evolution, is linear.
It follows that the joint state evolves according to
|intactis ⊗ |readyid

7→
=
7→

1
√ (|intactis + |decayedis ) ⊗ |readyid
(8)
2
1
√ (|intactis ⊗ |readyid + |decayedis ⊗ |readyid ) (9)
2
1
√ (|intactis ⊗ |readyid + |decayedis ⊗ |clickid ) . (10)
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But if we treat the detection event as a measurement, then according to the projection postulate the final state ought to be
|intactis ⊗ |readyid

or

|decayedis ⊗ |clickid

(11)

with probability 21 each, according to the Born rule. (10) and (11) consequences can’t both be
right—i.e. we can’t take the superposition of joint states to represent disjoint possibilities—
because there are (complicated!) physical quantities that (according to QM) give different
statistics for (10) than they do for (11).
It may be tempting to treat as a measurement only what constitutes an act of sentient
observation. Schrödinger used the cat to show that this response (suggested by Wigner) won’t
work. If we treat the sample, the detector, the vial and the cat all as quantum systems, then
the final state of the total system, as far as you are concerned, should be
1
√ (|intactis ⊗ |readyid ⊗ |intactiv ⊗ |aliveic + |decayedis ⊗ |clickid ⊗ |brokeniv ⊗ |deadic ) ,
2
(12)
2

whereas the projection postulate and the Born rule together entail that the measurement
(performed by the cat!) causes the state to “collapse” into
|intactis ⊗ |readyid ⊗ |intactiv ⊗ |aliveic
with probability
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1
2

or |decayedis ⊗ |clickid ⊗ |brokeniv ⊗ |deadic (13)

each. Again, (12) and (13) can’t both be right.

In Schrödinger’s own words

From his great 1935 paper (Section 5: Are the variables really blurred?):
That it is in fact not impossible to express the degree and kind of blurring of all variables in
one perfectly clear concept follows at once from the fact that Q.M. as a matter of fact has and
uses such an instrument, the so-called wave function or ψ-function, also called system vector.
... That it is an abstract, unintuitive mathematical construct is a scruple that almost always
surfaces against new aids to thought and that carries no great message. At all events it is an
imagined entity that images the blurring of all variables at every moment just as clearly and
faithfully as the classical model does its sharp numerical values. Its equation of motion too,
the law of its time variation, so long as the system is left undisturbed, lags not one iota, in
clarity and determinacy behind the equations of motion of the classical model.
So the latter could be straight-forwardly replaced by the ψ-function so, long as the blurring
is confined to atomic scale, not open to direct control. In fact the function has provided quite
intuitive and convenient ideas, for instance the “cloud of negative electricity” around the
nucleus, etc.
But serious misgivings arise if one notices that the uncertainty affects macroscopically
tangible and visible things, for which the term “blurring” seems simply wrong. The state
of a radioactive nucleus is presumably blurred . . . One can even set up quite ridiculous
cases. A cat is penned up in a steel chamber, along with the following diabolical device
(which must be secured against direct interference by the cat): in a Geiger counter there is a
tiny bit of radioactive substance, so small, that perhaps in the course of one hour one of the
atoms decays, but also, with equal probability, perhaps none; if it happens, the counter tube
discharges and through a relay releases a hammer which shatters a small flask of hydrocyanic
acid. If one has left this entire system to itself for an hour, one would say that the cat still
lives if meanwhile no atom has decayed. The first atomic decay would have poisoned it. The
ψ-function of the entire system would express this by having in it the living and the dead cat
(pardon the expression) mixed or smeared out in equal parts.
It is typical of these cases that an indeterminacy originally restricted to the atomic domain becomes transformed in to macroscopic indeterminacy, which can then be resolved by
direct observation. That prevents us from so naively accepting as valid a “blurred model” for
representing reality. In itself it would not embody anything unclear or contradictory. There
is a difference between a shaky or out-of-focus photograph and a snapshot of clouds and fog
banks.
Then he is sceptical about “Copenhagen”, ‘the reigning doctrine’. He has earlier (end of
Sec. 2) said ironically: ‘I hope later to make clear that the reigning doctrine is born of
distress.’ Now he adds:
In the fourth section we saw that it is not possible smoothly to take over models and to
ascribe, to the momentarily unknown or not exactly known variables, nonetheless determinate
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values, that we simply don’t know. In Sect. 5. we saw that the indeterminacy is not even
an actual blurring, for there are always cases where an easily executed observation provides
the missing knowledge. So what is left? From this very hard dilemma the reigning doctrine
rescues itself or us by having recourse to epistemology. We are told that no distinction is to be
made between the state of a natural object and what I know about it, or perhaps better, what
I can know about it if I go to some trouble. Actually—so they say—there is intrinsically only
awareness, observation, measurement. If through them I have procured at a given moment
the best knowledge of the state of the physical object that is possibly attainable in accord
with natural laws, then any further questioning about the “actual state” is meaningless . . .
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